Over the course of eleven months we determined the position of Mars on 45 occasions using a handheld cross staff and two to five bright reference stars of known right ascension and declination on each occasion. On average the observed positions are within 12 of the true positions. Given that we took data prior to the start of retrograde motion and well past the end of retrograde motion, we can easily derive the date of opposition to the Sun. We were able to derive the date of perihelion, the orbital eccentricity, and the semi-major axis size of Mars' orbit. We obtain a value of the eccentricity of 0.086 ± 0.010, which is to be compared to the modern value of 0.0934. Values as low as 0.053 or as high as 0.123 can be rejected at a high confidence level. A simple dataset can be obtained with cardboard and a ruler that demonstrates the elliptical shape of Mars' orbit.
Introduction
The fundamental paradigm of solar system astronomy prior to the time of Copernicus was that the Earth was at the center of the solar system. Also, celestial bodies were assumed to move along perfect circles. This led to the system of deferents and epicycles. One prime motivation for the use of epicycles was to account for retrograde motion. Copernicus' great book On the Revolutions of the Heavenly Spheres (1543) asserted that the Sun was physically and truly at the center of the solar system, and that this provided a much simpler explanation for the retrograde motion of the planets. However, Copernicus retained circular motion. Also, he retained the notion of epicycles because they were needed to account for variations of distance of the planets from the Sun (Gingerich 1993) .
In ancient Greek astronomy, the direction towards the Moon, Sun, or a planet was more important than the implied distance to it. Ptolemy's model of the motion of the Moon implied that its distance from the Earth varied nearly a factor of two. Naked eye observations by this author have demonstrated that without a telescope one can show that the angular size of the Moon varies in a regular fashion, implying that Moon's distance varies in a regular fashion (Krisciunas 2010) . The implied eccentricity of the Moon's orbit was ≈0.04. (The true eccentricity of the Moon's orbit is 0.055, but its orbit is anything but a simple ellipse, owing to the gravitational force of the Sun.
2 ) The point here is that epicycles in Ptolemaic astronomy were a geometrical device to explain retrograde motion (in the case of the planets) or to determine the direction towards the Moon. In Copernicus' model, the use of an epicycle implies a realistic, physical variation of distance.
In 1609 Johannes Kepler published the original versions of his first two laws of planetary motion: 1) the orbit of a planet is an ellipse, with the Sun at one focus; and 2) what we now call the law of areas, that the radius vector of a planet sweeps out equal areas in equal times. The Second Law can be stated as follows:
where r is the distance between a planet and the Sun, dθ is an angular increment in radians, and h is a constant unique to each planet.
Newton's breakthroughs in mathematics and mechanics led to the realization that Kepler's First Law needed correction. The very center of the Sun is not at the focus of a planetary orbit. A planet orbits the center of mass of the planet-Sun system, and the Sun orbits that center of mass too (Carroll & Ostlie 2007, chapter 2) . This idea, of course, has led to the discovery of many extra-solar planets via the radial velocity method.
In the autumn of 2015 Mars was nicely situated in the constellation Leo before sunrise. We began a sequence of observations of Mars using a simple cross staff (Fig. 1) . 3 2 Lahaye (2012) derived a value of the Earth's orbital eccentricity of 0.017 ± 0.001, which compares extremely well with the official modern value of 0.0167. This was accomplished by determining the variation of the equation of time (difference of apparent solar time and mean solar time) over the course of the year using observations of the length of the shadow of a gnomon. It was also necessary to know the obliquity of the ecliptic, which is directly obtained from such observations on the first day of summer and the first day of winter.
3 A pattern for making the cross staff can be obtained from this link: https://sites.google.com/a/uw.edu/introductory-astronomy-clearinghouse/labs-exercises/measuringangular-sizes-and-distances. The reader should note that when printed out the scale may look like inches, but the scale is, in fact, somewhat different.
Say the full width of the cross staff is d, and suppose at a linear distance D down the ruler the angular separation of two celestial objects exactly matches the width of the cross staff. Then the angular separation of the two objects will be
If an observer can measure the angular separation of a planet and two stars of known celestial coordinates, there are two solutions for the position of the planet, one on each side of the great circle arc joining the two stars. If the planet is close to being on the great circle arc between the two stars, perhaps no solution results, given errors of measurement. If the positions of a planet and the two stars form a spherical triangle with reasonably equal sides, this is ideal, and the planetary position can be determined as accurately as possible. Because we are using a handheld naked eye instrument, it is advised to use three to five reference stars. We assume a system of accurate stellar coordinates of bright stars along the zodiac. We adopt the J2000.0 coordinates of such stars from the SIMBAD database.
Understanding Johannes Kepler's efforts to discover the elliptical nature of Mars' orbit requires serious effort. A good place to start is an article by Gingerich (1989) . To make a long story shorter, Kepler believed that an ovoid would fit the (then) most accurate data available (obtained by Tycho and his assistants). Kepler found anomalies amounting to 8 between the measured ecliptic longitudes and his model. Since he believed that Tycho's data were good to ±2 or better, he concluded that there was a problem with the model. This led him to conclude that his approximation to the ovoid (namely, an ellipse) was the true orbital shape. We wondered if it were possible to demonstrate from simple naked eye observations that the orbit of Mars is indeed an ellipse. Or, requiring less rigor, are the positions of Mars consistent with an elliptical orbit? Here we present results based on nearly a year of observations. A full blown orbital determination for the planet Mars is beyond the scope of the present paper. That would involve simultaneously solving for all six orbital elements. We are only trying to show that a data set obtained with simple equipment can be fit with an ellipse of eccentricity ≈ 0.093. Other values of the eccentricity can be shown to give ecliptic longitudes that differ from the observational data by 1.5 deg, far larger systematic differences than the internal random errors of the observations.
Data Acquisition
In Table 1 we give various data relating to Mars. For each Julian Date we give the "true" right ascension (α) and declination (δ) of the planet, obtained using an algorithm by van Flandern & Pulkkinen (1979) . These coordinates are accurate to ±1 . Note that these coordinates will correspond to the equinox of date in the years 2015 or 2016. To convert these coordinates to ecliptic latitude (β) and longitude (λ) we need the following formulas from spherical trigonometry (Smart 1977, p. 40) :
is the obliquity of the ecliptic, 23
• 26 21 .406 for the year 2000. Using the atan2 function in FORTRAN or Python with arguments sin(λ) and cos(λ), we obtain the ecliptic longitude in the correct quadrant. Table 1 also gives the observed right ascension, declination, ecliptic longitude, and ecliptic latitude of Mars derived from the cross staff measurements, along with the number of reference stars used and the value for each date of the Sun's ecliptic longitude. The values of the Sun's longitude were calculated using the second method of Meeus (1988, p. 80) . This method uses the Sun's mean anomaly, but apparently does not use the Earth's orbital eccentricity. On occasion we desired one more sufficiently bright reference star and used the derived position of Saturn as that reference position.
Consider two celestial objects with equatorial coordinates (α 1 , δ 1 ) and (α 2 , δ 2 ). The angular separation (θ) between two objects is:
Next consider a spherical quadrilateral that is bounded by starting and ending right ascensions, and starting and ending declinations. The quadrilateral is divided into a grid, given a nominal increment in each coordinate of 0.01 deg. We used a computer program of our devising that uses the coordinates of two reference stars and the measured angular distance of a planet from each of these stars to determine the coordinates of the planet. If the coordinates of the stars are J2000.0 coordinates, then the derived right ascension and declination of the planet also have J2000.0 coordinates.
The derived ecliptic coordinates of Mars are shown in Figure 2 . The solid line in the plot shows the locus of "true" positions from van Flandern & Pulkkinen (1979) . The earliest observations are of lesser quality. On these occasions we only used two reference stars, and was getting used to a new observing procedure. On almost all subsequent occasions we used more than two reference stars. Two of these first three observations are easily shown to be outliers. Our first three observations will thus be excluded from subsequent analysis.
Another thing to note about Figure 2 is that Mars was north of the ecliptic until JD ≈ 2,457,504 (April 25, 2016) and then was located south of the ecliptic. In other words, the orbit of Mars is inclined to the ecliptic. The modern value of the orbital inclination is 1.850 deg (Tholen, Tejfel, &Cox 2000, on p. 295) . For our purposes here we will assume that Mars' orbit is coplanar with the ecliptic.
Given that most positions of Mars listed in Table 1 were derived from angular separations with respect to three to five reference stars, almost all derived right ascensions and declinations have easy-to-calculate internal random errors. These are sometimes as small as ±0.01 deg (which we do not really believe). On one occasion (JD 2457399.9840) the internal random error for right ascension was ±0.23 deg and the internal random error of declination was ±0.47 deg. Typical internal random errors for right ascension and declination are σ α ≈ σ δ ≈ ± 0.10 deg.
Since we have "true" positions of Mars from van Flandern & Pulkkinen (1979) we can make a direct estimate of the accuracy of our observations. The easiest way to do this is to precess the ecliptic longitudes from column 4 in Table 1 to equinox J2000 by subtracting 50.25 arc seconds per year times the number of years from JD 2,457,543.5 (January 0.0, 2000) to the date of observation. The ecliptic latitudes require no precession correction. The subsequent differences of ecliptic longitude and latitude ("observed" minus "true") give mean differences of −0.062±0.016 deg in ecliptic longitude and −0.037±0.027 deg in ecliptic latitude. The standard deviations of the distributions of differences are: σ λ = ±0.10 deg and σ β = ±0.17 deg. The square root of the sum of squares of those errors is ±0.20 deg, or ±12 . This is the accuracy of the position of a bright object (such as a planet) obtainable with our simple cross staff.
Fitting the Data
In Book 5, Chapter 19, of On the Revolutions of the Heavenly Spheres Copernicus (1543) derived the perigee, mean, and apogee distances of Mars. He obtained the values 1.374, 1.520, and 1.649 AU, respectively. Thus, Copernicus knew the amount by which Mars' distance from the Sun varies, and his mean distance is very close to the modern value of the semimajor axis size of Mars' orbit (1.5237 AU). Further discussion of Copernicus' model can be found in Appendix A.
Let us consider the elliptical orbit of Mars. The equation of an ellipse is:
where r is the Mars-Sun distance, a is the semi-major axis of the ellipse, e is the eccentricity, and angle θ = 0 when Mars is at perihelion.
The velocity along the orbit (Carroll & Ostlie 2007, Eq. 2.36 ) is
Since the mass of Mars is ≈ 3.23 × 10 −7 M (Tholen, Tejfel, &Cox 2000, p. 295) , for our purposes here we shall ignore it.
We wish to calculate the position of Mars at increments of one Earth day starting at the moment of its perihelion. At perihelion r = r min = a(1 − e). Using the known semi-major axis size and eccentricity of Mars' orbit, we can calculate the maximum velocity at perihelion with Equation 8. On perihelion day traveling at velocity v max Mars moves 0.6349 degrees along its orbit as viewed from the Sun. This allows us to calculate the constant h for Mars using Equation 1. Then, by alternating use of Equations 7 and 1 we can calculate r and θ for Mars each day along its orbit. The X-Y coordinates are obtained simply: X = r cos(θ) and Y = r sin(θ). We wrote a simple program in Python that calculates the X-Y coordinates of Mars for each day starting at perihelion, and X-Y coordinates of the Earth. With an appropriate offset of the indices of the two sets of coordinates we can obtain the direction toward Mars from the Earth for any given date. Then we can find an arithmetic offset between days-sinceMars-perihelion and Julian Date, and we can find another arithmetic offset to transform the angles obtained to ecliptic longitude. This is just an example of shifting a template in two coordinates to minimize the sum of squares of deviations from the data to the offset template. This produces a goodness of fit parameter. The square root of the goodness of fit parameter divided by the number of data points minus 2 gives the RMS scatter of the fit of the template to the data. Varying the model parameters allows us to search for an even better fit to the data.
Our program lets us a generate a template of ecliptic longitude values vs. time. Using the official values of Mars' perihelion date, orbital eccentricity, and orbit size given in Table  2 , we can adjust the X and Y axis values to minimize a goodness of fit parameter and make a plot that fits the data well enough to eye. The goodness of fit parameter is the sum of squares of differences between a template and the data, in other words, like χ 2 minimization, but with equal weights for all the points.
We wondered if a better fit to our data might be obtained with different fit parameters. In other words, we start by deriving the date of perihelion, using our data. In the top panel of Figure 4 we show the goodness of fit parameter for a range of dates with respect to October 29.5. On the basis of our data, we find the best fit is obtained for a perihelion date of October 25.4. The goodness of fit parameter doubles, compared to the value at the minimum, for perihelion dates October 21.5 and October 29.3. Our perihelion date is therefore October 25.4 ± 3.9, 2016 (UT). This is the equivalent of December 8.5, 2014 (the date of the previous perihelion). In what follows that is our effective perihelion date, allowing us to work forward in time toward the subsequent perihelion on October 25.4, 2016.
How robust is the eccentricity? In the middle panel of Figure 4 we show the goodness of fit parameter for a range of eccentricities ranging from 0.043 to 0.133. The minimum of the sum of squares of residuals occurs for e = 0.086, with an uncertainty of ±0.010.
Finally, we tried a number of values of the orbital semi-major axis size, ranging from 1.50 to 1.55. The goodness of fit parameter is minimized for a = 1.526 AU. Using our determination of the time of perihelion, the eccentricity, and a slight adjustment to the mean distance from the Sun, we obtain a sum of squares of residuals of 1.111. There were 42 data points used for the analysis, and 2 constraints (adjusting time to truncated Julian Date and adjusting angle to ecliptic longitude). The best fit to our data gives an RMS residual of ±10 .0 for the fit of the ecliptic longitudes to the best model. This is only slightly better than the average difference between the data and the "true" values (±12 ). Ignoring the eccentricity of the Earth's orbit was not a serious mistake.
In Figure 5 we plot the observed ecliptic longitudes of Mars (for equinox J2000) vs. the Julian Date. Low order polynomial fits to the two stationary points indicate that retrograde motion lasted for 74.1 days. The range of ecliptic longitude between the stationary points was 15.23 ± 0.42 deg. We also show three fits of the data for values of the orbital eccentricity of 0.053, 0.086, and 0.123. Even if this figure is displayed in color, it is difficult to see that the middle locus is better than the other two. In Figure 6 we show the differentials (data minus model). Figure 6 clearly shows that the eccentricity cannot be as small as 0.053 or as large as 0.123. In both cases the model differs from the data by 1.0 to 1.5 degrees 190 days before opposition and 70 days after opposition. Given that the individual positions of Mars are good to ±0.2 deg on average, values of the eccentricity of 0.053 or 0.123 are strongly rejected by the data.
Conclusions
In Table 2 we summarize the values derived from our simple dataset based on naked eye observations using a handheld cross staff. For comparison we also give the official ("true") values based on a much more sophisticated orbital determination using the most modern methods. Admittedly, in science we almost never have the "true" values for comparison.
Typically, we can only calculate our internal random errors and estimate sources of systematic error.
Our value of the orbital eccentricity of Mars (0.086 ± 0.010) compares reasonably well the official modern value (0.0934). While our data are not accurate enough to prove that Mars' orbit is an ellipse, if we fit the data with an ellipse, the eccentricity must be near 0.09. Thus, a dataset based on naked eye observations can be shown to be in strong agreement with Kepler's First Law.
We made use of the SIMBAD database, operated at CDS, Strasbourg, France.
A. Comparison of Copernican and Keplerian Loci
In Figure 7 we show Copernicus' model for the orbit of Mars. He retained the notion of perfectly circular orbits and therefore required an epicycle to account for the known variation of the distance of the planet from the Sun. Here we use a primary circle of radius 1.520 AU and one epicycle. Perihelion is obtained at position p, when r = 1.374 AU. The epicycle turns around twice for every rotation of the primary circle. The combination gives us a nearly elliptical orbit.
In Figure 8 we compare Copernicus' two circle solution for Mars with the Keplerian ellipse having a = 1.52366 and e = 0.0934. The Copernican solution differs from the Keplerian ellipse by as much as 0.027 AU. b True right ascension and declination for equinox of date, using algorithm of van Flandern & Pulkkinen (1979) . Accurate to ±1 . d True ecliptic latitude. These can be compared directly with the values in column 9, without any precession.
e Number of reference stars used.
f One of the reference "stars" used was Saturn, based on the position derived from our observations. Tholen, Tejfel, &Cox (2000) . Fig. 1.- The cross staff. The cardboard cross piece slides up and down the yardstick. Using simple geometry we can use this device to determine the angular separation of objects in the sky. Fig. 2. -Positions of Mars in the ecliptic system, as derived from cross staff observations. The solid line is based on a low precision planetary model good to ±1 (van Flandern & Pulkkinen 1979) . The yellow dots are test data obtained using only two reference stars. They will be excluded from further analysis. Middle: Using our value for the date of Mars' perihelion and a = 1.5237 AU, we try various values of the orbital eccentricity. The goodness of fit parameter for our dataset is minimized for e = 0.086. Bottom: Using our value for date of perihelion and e = 0.086, we try various values of the semi-major axis size. The goodness of fit parameter is minimized for a = 1.526. Table 1 . The internal random errors are actually much smaller than the size of the points. The three solid lines show the best fits using values of the orbital eccentricity of 0.053, 0.086, and 0.123. The first three data points are for display only. They were not included for fitting the loci. Figure 5 . Open circles represent residuals from the best fit (perihelion date October 25.4 UT, e = 0.086, a = 1.526 AU). The first three points are for display only. They were not included for any fitting. Triangles are residuals for e = 0.053, and squares are residuals for e = 0.123. Clearly, the lowest and highest values of eccentricity lead to residuals as large as ±1.5 degrees, considerably larger than the uncertainties of the individual data points (about ± 0.2 deg). Sun p
